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In this paper, a coupled aerothermoelastic dynamic stability analysis of composite aerovehicle wings featuring

nonclassical effects, and immersed in an incompressible gas flow is developed. Specifically, the study concerns the

aerothermoelastic stability of swept wings made of advanced composite materials and exposed to a heat flow

generated by a laser beam impacting its deformed surface. Because of its exceptional features in thermal insulation of

aerospace structures, the pyrolytic graphite is adopted in the actual numerical simulations together with

consideration of a rectangular single-layered swept wing. The evaluation of the temperature field on the deformed

(actual) configuration of the wing permits the authors to address the problems of the aerothermoelastic response and

stability in a coupled framework. As a result, the exact analytical expression of the aerothermoelastic response of the

heated wing is obtained in the Laplace space domain and, following it, the static and dynamic aeroelastic instabilities

are determined. The obtained results indicate that the aeroelastic stability is substantially affected by the

thermoelastic coupling. In the presentation anddiscussion of the results, special attention is given to the effects played

by the flight speed, thermal anisotropy of the material constituent, ratio of the characteristic thermal time to the

natural period of vibration, and direction of the external heat flux impacting the wing surface.

Nomenclature

A, B, C, D,
E, F, G

= aerodynamic matrices

a = dimensionless position of elastic axis, x0=b
A = wing cross-sectional area
B�m;n�ij , F�m;n�i ,
I�m;n�, S�m;n�ij

= generalized stiffness, force, mass, and stress
quantities of order �m; n�

b, l = semichord and semispan, respectively, m
c = vector of natural boundary conditions
C1, C2, D = geometric moments of inertia
ct = specific heat
ei = Cartesian-based vectors
f = load vector
g, h, �, � = warping, m�1, plunge, m, twist angle, and

wing-section rotation displacement
variables

H = wing thickness, m
~̂H = aeroelastic operator matrix
K, L, M, P = stiffness matrices
k1, k3 = thermal conductivities in the plane of

isotropy and normal to it, respectively

L, M = sectional aerodynamic lift and
moment

p, s = Laplace transform variables associated to
their physical counterparts, x2 and t,
respectively

q = heat density vector, W=m2

R = shear flexibility ratio
R, S = boundary-condition matrices
T = temperature field, K
t = dimensional time variables, s
xi = Cartesian coordinates, i� 1, 2, 3
y = displacement vector
�1 = tracer identifying warping effects
� = wing sweep angle
�lmn, �lmn�x� = eigenvalues and eigenfunctions of the

Laplacian operator related to the
temperature field in the body

�, �1 = material and air density, kg=m3

’�t� = Wagner function
!1b

, !1t
= first bending and first torsion natural

frequencies, rad=s
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Subscripts

A = aerodynamic load
T = thermal load
M = mechanical external loads
���c, ���nc = circulatory and noncirculatory counterparts

of ���
���n = quantity ��� normal to the leading edge

Symbols

~f�x2; s�, f̂�p; t�,
~̂f�p; s�

= Laplace transform of f�x2; t�, with respect
to time, space variable x2, and with respect
to both variables, respectively

@ = domain boundary
_ = overdot, derivative with respect to time
0 = prime, derivative with respect to x2

I. Introduction

T HE recent activities related to space exploration and the
resurrected interest in supersonic/hypersonic flight vehicles [1–

4] require a good understanding of the aeroelastic instability and
response of aeronautical/aerospace flight vehicle structures
operating in a high-temperature field. Although the thermoelastic
dynamic response and stability of trusses and beam structures
(motivated by the experience in space flight applications) have been
widely investigated [5–10], to the authors’ best knowledge, these
theoretical analyses have never been extended to the consideration of
aeronautical structures immersed in a flowfield. Nonetheless, the
importance of the aerothermoelastic response and stability analyses
of aerospace systems has been largely recognized [11] (especially
with respect to reusable launch vehicles), and, in this sense, a number
of studies have been conducted to investigate the aerothermoelastic
stability of aerospace vehicles by using computational fluid
dynamics (CFD) approaches for the aerodynamics and finite element
(FE) models for the structures [1–4]. In this context, to the authors’
best knowledge, this study presents, for the first time, an exact
coupled aerothermoelastic stability analysis of heated composite
aircraft wings featuring nonclassical effects. In particular, in this
paper, the study of the aerothermoelastic stability of aerovehicle
swept wings made of advanced composite materials, exposed to a
generic heat flowfield, and operating in an incompressible flow is
addressed; the thermal field is supposed to be generated by a laser
beam impacting the upper surface of the wing [12], whereas the wing
structural model, previously developed by the authors [12–14], is
specialized to the case of a rectangular single-layered swept wing
composed of a transversely isotropic material. Because of its
exceptional features in thermal protection of aerospace structures
[15,16], the pyrolytic graphite is adopted in the applications. One
should remark that, due to the special character of the considered
thermal field, a time-domain formulation of the theory of lifting
surfaces was considered to be mandatory [17,18]. Moreover, the
evaluation of the temperature field on the deformed (actual)
configuration of the wing permits the authors to address the problem
of the aerothermoelastic response and stability in a coupled
framework (see [12] for a presentation of a similar analysis in an
uncoupled regime). As a result, the exact analytical expression of the
aerothermoelastic response of the heated aerovehicle wing is
obtained in the Laplace transformed space and, consequently, the
static/dynamic stability boundary of the wing model is derived. To
validate the results obtained in terms of aerothermoelastic flutter
boundary, the thermoelastic static and dynamic stability analysis is
presented. The corresponding results are then compared with those
available in literature [6–9],which are confined to the study of trusses
in space subjected to solar radiant heating and solved using an
approximate mathematical approach. Finally, the aerothermoelastic
stability analysis is presented and the corresponding results are
qualitatively compared with those available in literature which
concern the aerothermoelastic stability of wings [1–4]. In the
presentation and discussion of the results, particular emphasis is

placed on the effects of flight speed, thermal anisotropy, ratio of the
characteristic thermal time to the natural period of vibration [5], and
direction of the external heat flux impacting the wing surface.

II. Structural and Aeroelastic Model

Thewing structure is modeled as a platelike bodywith appropriate
internal constraints. Specifically, it is assumed that the wing cross
sections are not deformable and that the wall thickness is
inextensible. As a result, the displacement field of the wing is
represented by the following map [13,14]:

u�x1; x2; x3; t� �x3��x2; t�e1 � fx3���x2; t� � �1x1g�x2; t��ge2
� fh�x2; t� � �x1 � x0�x2; t����x2; t�ge3 (1)

where ��x2; t� denotes the twist angle of the wing about its pitching
axis, ��x2; t� identifies the flexural angle about the chordwise
direction, g�x2; t� represents the warping displacement, h�x2; t�
denotes the plunging displacement of the wing cross section
measured at the elastic axis [positive upward and located at
x1e � x0�x2�, (Fig. 1)], �1 is a tracer identifying the warping effect
[13], and ei are the unit vectors in the xi directions. The tracer takes
the value of one or zero according to whether the warping inhibition
is incorporated or discarded, respectively: the two resulting
formulations are denoted in the following as “free warping” (FW)
and “warping restraint” (WR) models, respectively. Collecting the
independent displacement components in Eq. (1), one may observe
that the total number of unknowns retained into themodel is four, and
in terms of these four displacement unknowns ��; g; �; h� the
aeroelastic response analysis under the effect of a thermomechanical
load is investigated.

To be reasonably self-contained, the equilibriumequations and the
related boundary conditions for a transversely isotropic swept wing,
obtained via the application of Hamilton’s principle, are shortly
reviewed (the interested reader is referred to [12–14] for a complete
presentation of this model). Specifically, denoting by y
(�f�; g; �; hg) the vector of the displacement unknowns, with K,
L, P the stiffness matrices including the typical stiffness parameters
of a bending beam structure as indicated in details in [19], andwithM
the mass matrix (their expressions are supplied in [12,19], the
equilibrium equations may be written in condensed form as

K y00 � Ly0 � Py�M�y� fA � fT � fM (2)

Herein, the primes and the overdots denote derivatives with respect
to the spanwise coordinate x2 and time t, respectively, whereas fA is
the vector of aerodynamic loads, fT is the vector of thermal loads
introduced by means of the constitutive equations, and fM is the
vector of the generic time-dependent external loads that can act
during the operational life of the vehicle (e.g., explosive blast, sonic
boom, gusts, etc.). The aerodynamic load vector considered in the

Fig. 1 Geometry of the swept wing.
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analyses is based on an incompressible unsteady aerodynamicmodel
which takes into account the effect of the sweep angle. It can be
written in the following compact form [12,19,20]:

fA�y; _y; �y; y0; _y0; t; x2� �

8>>>><
>>>>:

0

0

M

L

9>>>>=
>>>>;
� A�y� B_y� Cy0

� D_y0 � E

Z
t

0

’�t � t̂� �y�t̂� dt̂� F

Z
t

0

’�t � t̂� _y�t̂� dt̂

� G

Z
t

0

’�t � t̂� _y0�t̂� dt̂ (3)

where L andM are the sectional lift and aerodynamic torque about
the reference axis per unit span, ’�t� is the Wagner’s function
[17,18], and A, B, C, D, E, F, G are the matrices of the aerodynamic
coefficients whose expressions are provided in [12,19]. The
functional representation of the vector of thermal loads will be
supplied in the following section and, in particular, the explicit
dependence of this load vector in terms of the unknown
displacements. For the moment, let us note that using the Hooke–
Duhamel constitutive equations, modified in the usual way, (e.g.,
[13]), and assuming a rectangular cross section for the wing, with L,
c, and H denoting, respectively, the wing midspan, chord, and
thickness, assumed to be constant, the vector of thermal loads has
only one nonzero component which does work on the flexural
deflection of the wing ��x2; t�, namely,

f T�x2; t� �

�0�x2; t�
0

0

0

2
664

3
775 (4)

where ��x2; t� is the thermal moment. Specifically, the thermal
moment is given in terms of the difference between the reference and
the actual temperature, and due to the application of the heat flux on
the upper surface

��x2; t� �
Z
c=2

�c=2

Z
H=2

�H=2
x3�̂�T�x1; x2; x3; t� dx3 dx1 (5)

where �̂ [�E�=�1 � ��] is the transformed thermal expansion
coefficient. For the forthcoming developments, it is convenient to
define the vector of thermalmoments as the derivative of a vector c as
follows:

f T�x2; t� � c0�x2; t� (6)

As a result, the boundary conditions at the root and the natural
boundary conditions at the tip may be written as

y �0; t� � 0 (7)

R y0�L; t� � Sy�L; t� � c�t� (8)

where the boundary load c reduces in our applications to a
concentrated thermal moment acting on the flexural deflection of the
wing:

c �t� �

��L; t�
0

0

0

2
664

3
775 (9)

The vectorial Eq. (2) involves a system of four differential equations
in space and time of the second order, whose boundary conditions are
represented by Eqs. (7) and (8). To render the thermal load vector fT

dependent on the displacement vector y and on its derivatives, in a
way similar to that of the aerodynamic load vector, see Eq. (3), the

thermal field has to be evaluated in the deformed configuration of the
wing. This idea is carried out in the following section.

III. Thermomechanical Model

As already stated, the present formulation is carried out in the
framework of coupled thermoelasticity, in the sense that the
temperature distribution is supposed to be affected by the actual
deformation of the structure. Moreover, it is assumed that the
external heat input is generated by a laser beam impacting the upper
surface of the wing, and finally the wing is treated as a solid
parallelepiped. Mathematically, the problem may be stated in terms
of the following system of equations [5,12,19,21–23]:

Div �KrT� � �ct
@T

@t
� 0 for x 2 B; t 2 T (10)

KrT 	 n� q 	 n for x 2 SU; t 2 T (11)

rT 	 n� 0 for x 2 @B=SU; t 2 T (12)

T � 0 for x 2 @B; t� 0 (13)

where T�x; t� is the temperature field, K is the thermal conductivity
tensor [24], � is the volume density, ct is the specific heat, n is the
external normal to the surface body, and q is the external heat flux
impacting the wing, B (�f�x1; x2; x3�k � c=2 
 x1 
 c=2;
0 
 x2 
 L;�H=2 
 x3 
 H=2g) and T (�ftk0 
 t <1g) de-
note, respectively, the space and time domains, and SU
(�f�x1; x2; x3�k � c=2 
 x1 
 c=2; 0 
 x2 
 L; x3 �H=2g) de-
notes the upper surface of the wing where the heat input applies.
For the present case of the transversely isotropicmaterial, the thermal
conductivity tensor assumes the form

K �
k1 0 0

0 k1 0

0 0 k3

0
@

1
A (14)

Using aGreen’s function approach to solve the previous system of
differential equations, one obtains the following expression for the
temperature field inside the wing domain [12,19]:

T�x; t� �
X1

l;m;n�0

�lmn�x�
�ct

Z
SU

�lmn�x��
Z
t

0

e�
k1�lmn
�ct
�t�t��q�x�; t��

	 n�x�; t�� dt� dS (15)

where

�lmn

�
��

�������������������������������������
8

�����
k3

p
=�

�����
k1

p
cLH�

q
cos

�
l	

c

�
x1 �

c

2

��

� cos

�
m	

L
x2

�
cos

�
n	

H

�
x3 �

H

2

���

are the eigenfunctions, and �lmn�� � �l	=c�2 � �m	=L�2�
�n	=

������������
k1=k3

p
H�2� are the corresponding eigenvalues of the harmonic

adjoint operator associated with the problem under consideration,
whereas the superscript � denotes the time and space coordinates
where the impulse is applied in theGreen’s function approach. Using
the previous equation, one can establish an explicit relationship
between the temperature field and the unknown displacement
components. To this end,we recall the fact that the unit vector normal
to the deformed upper surface of the wing is expressed in a linear
approximation as [12,19]

n �x; t� 
 e3 � h0�x2; t�e2 � ��x2; t�e1 (16)

As a result, representing the heat flux vector in terms of its
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components on the chosen Cartesian reference system (i.e.,
q�x; t� � fq1�x; t�; q2�x; t�; q3�x; t�g), the temperature field may be
written as the sum of three terms. The first term, T1�x; t�, depends on
the actual pitch displacement ��x2; t� of the wing, and its expression
is given by

T1�x; t� �
X1

l;m;n�0

�lmn�x�
�ct

�
Z
SU

�lmn�x��
Z
t

0

e�
k1�lmn
�ct
�t�t��q1�x�; t����x�2 ; t�� dt� dS

(17)

where q1 is the component of the heat density vector q in the
chordwise x1 direction.

The second term, T2�x; t�, depends on the actual bending of the
wing [h0�x2; t�], and its expression is given by

T2�x; t� � �
X1

l;m;n�0

�lmn�x�
�ct

�
Z
SU

�lmn�x��
Z
t

0

e�
k1�lmn
�ct
�t�t��q2�x�; t��h0�x�2 ; t�� dt� dS

(18)

where q2 is the component of the heat density vector q in the
spanwise x2 direction.

The third term, T3�x; t�, does not depend on the displacement
vector and represents the uncoupled temperature field considered in
[12], and its expression is

T3�x; t�

�
X1

l;m;n�0

�lmn�x�
�ct

Z
SU

�lmn�x��
Z
t

0

e�
k1�lmn
�ct
�t�t��q3�x�; t�� dt� dS(19)

where q3 is the component of the heat density vector q in the
thickness x3 direction.

To illustrate pictorially the idea behind this approach, a snapshot
of the deformed configuration of the wing impacted by a generic heat
density vector q is presented in Fig. 2. From this figure, it becomes
apparent how the heat flux absorbed by the wing can depend on its
actual deformation and, as a result, the temperature field on the
displacement vector. Finally, it is worth pointing out that the
temperature in Eqs. (17) and (18) is a function of space and time by
means of the actual displacement vector, even if the heat density
vector is supposed to be constant in space and time, as it will be
assumed later in the application.

Using Eqs. (17–19), the thermal moment in Eq. (5) expressed in
terms of the vector of displacement unknowns is

c�y;y0; x2; t� �
X1
m�0

Z
t

0

U�m;x2; t� t��
Z
L

0

�U1�m;x�2 ; t��y�x�2 ; t��

�U2�m;x�2 ; t��y0�x�2 ; t���dx�2 dt� � c3�t� (20)

where c3 denotes the contribution to the thermal load vector provided
by the term in Eq. (19), andU,U1, andU2 are three matrix operators
whose definition can be deduced from the expression of the
temperature field and are given by

U�m;x�2 ; t� t��

�

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

2
66664

3
77775
X1
l;n�0

Z
c=2

�c=2

Z
H=2

�H=2
x3�̂

�lmn�x1;x�2 ;x3�
�ct

e�
k1�lmn
�ct
�t�t��

�
Z
c=2

�c=2
��1�n cos

�
l	x�1
c

�
dx�1 dx3 dx1 (21)

U 1�m; x�2 ; t� �

0 0 1 0

0 0 0 0

0 0 0 0

0 0 0 0

2
664

3
775q1�t�� cos

�
m	x�2
L

�
(22)

U 2�m; x�2 ; t� �

0 0 0 �1
0 0 0 0

0 0 0 0

0 0 0 0

2
664

3
775q2�t�� cos

�
m	x�2
L

�
(23)

At this point, it should be recalled that due to the particular geometry
of the wing, the thermal moment induced by the heat flux in the x3
direction reduces to a function of time only, once the heat flux q3 is
assumed constant in space. Indeed, in the contribution to the
temperature field T3, the integrals of the eigenfunctions are all zero
except for l�m� 0, thus this term reduces to a function of x3 and t
only. The functional dependence on the coordinate x3 is successively
eliminated by the integration across the wing cross section of the
thermal moment [Eq. (5)].

Therefore, the vector of thermomechanical loads appearing in
Eq. (4) becomes

fT�y; y0; x2; t� � c0�y; y0; x2; t�

�
X1
m�0

Z
t

0

U0�m; x2; t � t��
Z
L

0

�U1�m; x�2 ; t��y�x�2 ; t��

� U2�m; x�2 ; t��y0�x�2 ; t��� dx�2 dt� (24)

Note that the displacement vector y appears in the previous
expression under the integral sign. There is, indeed, a convolution
between the thermal input and the displacement field. The
consideration of this integral constitutes a significative part of the
next section. Before proceeding further, it is remarkable to point out
that in the solution of the aerothermoelastic problem, an important
rolewill be played by the parameterB [5] representing the ratio tT=tM
between the characteristic thermal time (tT � �ctH2=k3) and a
characteristic mechanical time (for instance, the first natural bending
period). As it is stated in [5], the dynamic coupling increases as B
becomes smaller. On the other hand, as B becomes larger, the
dynamic coupling disappears and the static solution alone remains
valid.

IV. Solution Methodology

Following [12,19], the system of aerothermoelastic governing
equations [Eq. (2)] with the associated boundary conditions [Eqs. (7)
and (8)] can be reduced to a system of algebraic equations in the
Laplace space and time domains, in which both the space and time

Fig. 2 Effect of the aeroelastic deformation of the wing structure on the

evaluation of the temperature field.
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coordinates are converted to their Laplace counterparts. Indeed,
applying the Laplace transform with respect to time to Eq. (2), and
assuming zero initial conditions, one has

K ~y00 � ~N�s; U� ~y0 � ~Q�s;U� ~y� ~fT�x2; s� � ~fM�x2; s� (25)

where the tilde (Lt��� � ~�) denotes the Laplace transform with
respect to time, s is the Laplace transform variable representing the

time counterpart t of the physical space, and ~N and ~Q are two matrix
operators which take into account the aerodynamic coupling and are
given by

~N�s; U� � L � C � sD � s ~’G (26)

~Q�s;U� � N� s2�M � A � ~’E� � s�B� ~’F� (27)

where ~’ is the Laplace transform ofWagner’s function and it is given
by

~’� Lt�’�t�� �
C�s�
s

(28)

where C is the extension on the Laplace domain of the Theodorsen
function.

Similarly, performing the Laplace transformwith respect to space,
and recalling that the wing is considered to be clamped at the root
cross section, one has

~̂y�p; s� � �p2K� p ~N�s; Un� � ~Q�s; Un���1�� ~̂fT�p; s�

� ~̂fM�p; s� � K ~y0�0; s�� (29)

where the overhat (Lx2 ��� � �̂) denotes the Laplace transform with
respect to coordinate x2, and p is the Laplace transform variable
counterpart of x2. It is useful to indicate at this point that the
assumption of constant heat flux in space and time yields the matrix
operators U1 and U2 to be independent of time, and thus reduces
Eq. (24) to a convolution in time of U and the space vector y and its
first derivative y0.

In the following, we will not consider other loads than those
produced by the heat inputs (i.e., we will assume fM � 0); thus, the
thermal load vector, using Eq. (24) and assuming a constant heat flux
in space and time, may be written as

~̂fT�p; s� �
X1
m�0

p ~̂U�m;p; s�
Z
L

0

�U1�m; x�2� ~y�x�2 ; s�

� U2�m; x�2� ~y0�x�2 ; s�� dx�2 (30)

where it made use of the convolution theorem to perform time-
Laplace transform of the time integral in Eq. (24). Denoting the first
multiplicative term in Eq. (29) as

~̂H�p; s; U� � �p2K� p ~N�s; U� � ~Q�s; U���1 (31)

which can be regarded as the aeroelastic operator, and, using
Eqs. (29) and (30), one may write the displacement vector for the
particular problem of a heated wing in an incompressible flowfield
[Eq. (29)] as

~̂y�p; s� � ~̂H�p; s;U�
�
�
X1
m�0

p ~̂U�m;p; s�
Z
L

0

�U1�m; x�2� ~y�x�2 ; s�

� U2�m; x�2� ~y0�x�2 ; s�� dx�2 � K ~y0�0; s�
�

(32)

Applying the inverse Laplace transform with respect to space to
Eq. (32), one has

~y�x2; s���
X1
m�0

Z
x2

0

~H�
;s� ~U0�m;x2� 
;s�

�
�Z

L

0

U1�m;x�2� ~y�x�2 ; s�dx�2 �
Z
L

0

U2�m;x�2� ~y0�x�2 ; s�dx�2
�
d


� ~H�x2; s;U�K ~y0�0; s� (33)

Upon defining

~g�x2; s� � �
Z
x2

0

~H�
; s� ~U�m; x2 � 
; s� d
 (34)

and differentiating Eq. (33) with respect to the spanwise coordinate
x2, one has

~y0�x2; s� �
X1
m�0

~g0�m; x2; s�
�Z

L

0

U1�m; x�2� ~y�x�2 ; s� dx�2

�
Z
L

0

U2�m; x�2� ~y0�x�2 ; s� dx�2
�
� ~H0�x2; s; U�K ~y0�0; s� (35)

Thus, one may use the boundary condition at the tip [Eq. (8)],
properly rewritten in the transformed Laplace time domain, to

evaluate the unknown derivative ~y0�0; s� appearing in the previous
equations. Indeed, substituting Eqs. (33) and (35) in Laplace
transformed counterpart of Eq. (8), one has

R

�
~H0�L; s�K ~y0�0; s� �

X1
m�0

~g0�m;L; s�
Z
L

0

�U1�m; x�2� ~y�x�2 ; s�

� U2�m; x�2� ~y0�x�2 ; s�� dx�2
�
� S

�
~H�L; s�K ~y0�0; s�

�
X1
m�0

~g�m;L; s�
Z
L

0

�U1�m; x�2� ~y�x�2 ; s�

� U2�m; x�2� ~y0�x�2 ; s�� dx�2
�

�
X1
m�0

~U�m;L; s�
Z
L

0

�U1�m; x�2� ~y�x�2 ; s�

� U2�m; x�2� ~y0�x�2 ; s�� dx�2 � ~c3�s� (36)

thus, the vector of unknown boundary conditions ~y0�0; s� may be
written as

~y0�0; s�� � �R ~H0�L; s�K� S ~H�L; s�K��1
�P1

m�0�R ~g0�m;L; s�

� S ~g�m;L; s� � ~U�m;L; s��
Z
L

0

�U1�m; x�2� ~y�x�2 ; s�

� U2�m; x�2� ~y0�x�2 ; s�� dx�2 � ~c3�s�
�

(37)

Introducing the following definitions

~W�s� � �R ~H0�L; s�K� S ~H�L; s�K� (38)

~V�m; s� � ��R ~g0�m;L; s� � S ~g�m;L; s� � ~U�m;L; s�� (39)

and substituting them in Eqs. (33) and (37), one may obtain the
closed form solution of the problem in the double transformed
Laplace space-time domain
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~y�x2; s� � ~H�x2; s�K
�
~W�1�s�

X1
m�0

~V�m; s�
Z
L

0

�U1�m;x�2� ~y�x�2 ; s�

�U2�m;x�2� ~y0�x�2 ; s��dx�2 � ~W�1�s� ~c3�s�
�
�
X1
m�0

~g�m;x2; s�

�
Z
L

0

�U1�m;x�2� ~y�x�2 ; s� �U2�m;x�2� ~y0�x�2 ; s��dx�2

�
X1
m�0
� ~H�x2; s�K ~W�1�s� ~V�m; s� � ~g�m;x2; s��

�
Z
L

0

�U1�m;x�2� ~y�x�2 ; s� �U2�m;x�2� ~y0�x�2 ; s��dx�2

� ~H�x2; s�K ~W�1�s� ~c3�s� (40)

One should remark that the displacement vector y appears not only in
the left-hand side of Eq. (40) but also in its right-hand side under the
integral sign.

Therefore, it is apparent that to solve this integral equation, one
should employ a numerical scheme, consisting of either the
discretization of the integral, or of an approximation of the vector of
unknowns on a certain functional basis. In this paper, a numerical
discretization of the integral has been used to solve the coupled
aerothermoelastic stability of the wing model. Nonetheless, a
Galerkin approach has also been applied in the first elementary
application. This has been done only to validate the model, by
comparing the obtained predictions with those available in the
literature.

Specifically, the integrals in Eq. (40) may be discretized as

Z
L

0

U1�m; x�2� ~y�x�2 ; s� dx�2 ’
XN�1
k�0

U1�m; x2k� ~y�x2k; s��x2 (41)

Z
L

0

U2�m; x�2� ~y0�x�2 ; s� dx�2

’ U2�m;L� ~y�L; s� �
XN�1
k�0

U02�m; x2k� ~y�x2k; s��x2 (42)

where N is the number of points on which the integral has been
discretized and �x2 is the step in x2

N � L

�x2
(43)

and where the evident relationship

Z
L

0

U2�m; x�2� ~y0�x�2 ; s� dx�2 � �U2�m; x�2� ~y�x�2 ; s��L0

�
Z
L

0

U02�m; x�2� ~y�x�2 ; s��x�2 � U2�m;L� ~y�L; s�

�
Z
L

0

U02�m; x�2� ~y�x�2 ; s��x�2

was used, in which the boundary condition at the root ~y�0; s� � 0
was imposed.

Hence, Eq. (40) may be rewritten

~y�x2k;s��
X1
m�0
� ~H�x2k;s�K ~W�1�s� ~V�m;s�

� ~g�m;x2k;s��
�XN�1
k�0

U1�m;x2k� ~y�x2k;s��x2k�U2�m;L� ~y�L;s�

�
XN�1
k�0

U02�m;x2k� ~y�x2k;s��x2k
�
� ~H�x2k;s�K ~W�1�s� ~c3�s�

(44)

Introducing the discrete vector of unknowns ~Y�s�

~Y�s� � f ~y�x20; s�; ~y�x21; s�; . . . ; ~y�x2N; s�gT (45)

and defining the following matrix operators ~Z, C1, C2, C3, A of
dimension 4N � 4N each

~Z�m; s�

�
. .
.

~H�x2k; s�K ~W�1�s� ~V�m; s� � ~g�m; x2k; s�
. .
.

2
664

3
775
(46)

C 1�m� �
U1�m; x20� U1�m; x2k� U1�m; x2�N�1��

..

. ..
. ..

.

U1�m; x20� U1�m; x2k� U1�m; x2�N�1��

2
64

3
75 (47)

C 2�m� �
0 . . . U2�m;L�
..
. ..

. ..
.

0 . . . U2�m;L�

2
64

3
75 (48)

C 3�m� �
U02�m; x20� U02�m; x2k� U02�m; x2�N�1��

..

. ..
. ..

.

U02�m; x20� U02�m; x2k� U02�m; x2�N�1��

2
64

3
75 (49)

~A�s� �
. .
.

~H�x2k; s�K ~W�1�s�
. .
.

2
664

3
775 (50)

Equation (44) becomes

�
I �

X1
m�0

~Z�m; s��C1�m��x2 � C2�m� � C3�m��x2�
�
~Y�s�

� ~A�s� ~FT3 �s� (51)

Finally, from the previous equation, one obtains

~Y�s� �
�
I �

X1
m�0

~Z�m; s��C1�m��x2 � C2�m�

� C3�m��x2�
��1

~A�s� ~FT3 �s� (52)

One should notice that by discarding the components of the heat flux
in the chordwise and spanwise directions, which implies that no
thermomechanical coupling is involved, the previous equation
provides the aeroelastic response in the Laplace transformed time
domain, due to the application of an external heatflux in the thickness
direction [12]. Finally, note that the evaluation of the roots of the
determinant of the matrix operator in brackets in Eq. (52) are the
poles of the considered aerothermoelastic system. The evaluation of
these poles at different flight speeds and different heat fluxes permits
the determination of the domains of aerothermoelastic stability/
instability of the wing. This analysis will be presented in the
following section, after a comparative analysis with some results
available in the literature.
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V. Numerical Results

Goland’s wing structural model [25] has been considered as a
reference configuration for the validation of the present model.
Corresponding to it, the following geometrical and dynamic
characteristics have been assumed

L� 6:096 m c� 1:8288 m a��1=3
xcg � 0:4c !1;b � 50 rad=s !1;t � 87 rad=s

(53)

where L is the midspan, c is the chord measured normally to the
trailing edge, a is the nondimensional offset (with respect to the
midchord) between the aerodynamic center and the elastic center,
and xcg is the distance between the center of gravity and the elastic
center of the wing, whereas !1b and !1t are, respectively, the first
uncoupled bending and torsion angular frequencies of the wing. In
the following, as a validation of results obtained in the available
literature, a static/dynamic stability analysis of the thermoelastic
model is presented. Then, a complete aerothermoelastic analysis is
performed, and the corresponding aerothermoelastic flutter
boundaries are obtained.

A. Validation of the Thermoelastic Model

As already mentioned in the Introduction, only a few results are
available in literature related to the thermoelastic dynamic stability of
beams (see, for instance, [7–9]). Moreover, one should remark that
those results are approximated in the sense that they have been
obtained using an ab initio approximate expression of the
temperature field and a collocated or Galerkin approach.
Nonetheless, using the mathematical model developed in the
previous section, discarding the aerodynamic forces, and introducing
a structural damping �� 0:001, onemay study the root locus relative
to the first two roots (bending and torsion natural frequencies) as a
function of the components in the three directions of the impacting
heat flux. Moreover, as illustrated in the previous section, the effect
of the heat flux in the thickness direction q3 does not induce, in the
linear approximation, any thermoelastic coupling, but it is
responsible only for an equivalent mechanical load, which cannot
modify the elastic stability of thewingmodel [12]. On the other hand,
the contributions to the thermal moment of q1 and q2 induce a
thermomechanical coupling that can modify the elastic stability [see
Eqs. (24) and (52)]. This effect has been already pointed out in
[7,9,26–28]. In particular, in [27], it was observed that a cantilevered
flexural beam subjected to radiant heat is dynamically stable ifq2 < 0
(i.e., if the heat input is directed from the tip to the root of the beam)
and it is dynamically unstable (thermal flutter) if q2 > 0 (i.e., if the
heat input is directed from the root to the tip in the positive x2
direction). We have not only obtained the same dynamic behavior,
but we have also found that themodel becomes statically unstable for
a certain value of q2 < 0. The roots loci of the system are presented in
Figs. 3–5. In these figures, the lower frequency refers to the bending
natural frequency, whereas the higher refers to the torsional
frequency. It is worth pointing out that the results obtained are
qualitatively in complete agreement with those reported in [7,9].
Indeed, the different direction of the heat flux, namely, from wing
root to wing tip, or from the leading to the trailing edge, may induce
different dynamic behavior for the stability: this result is motivated
by the lack of symmetry in the wing span direction because of the
boundary conditions and by the fact that the induced thermal fields
given by the integral Eqs. (17) and (18) are linear functions of the heat
flux components.Moreover, in Fig. 6, amap of the stability boundary
for this particular wing model is supplied. The abscissa in Fig. 6
represents the amplitude (with sign) of the component of the heat
density vector in the wing span direction (q2), whereas the ordinate
axis represents the amplitude (with sign) of the component of the heat
density vector in the chordwise direction (q1). The combinations of
the two components of heat flux vector that yield a stable condition
are identified with a star-shaped marker, whereas the unstable
combinations are identified with a dot marker.

Fig. 3 Root locus of the thermoelastic model with q1 � 0.

Fig. 4 Root locus of the thermoelastic model with q2 � 0.
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B. Aerothermoelastic Analysis

In this section, an exact approach has been employed to solve the
previously defined initial boundary value problem. In particular,
Eq. (52) has been used directly to obtain the static/dynamic stability
boundaries of Goland’s wing model [25,29] with warping restraint
included, for different combinations of the heat density vector
components (i.e., for different directions of the perturbing heat
density vector). The methodology adopted, based on the use of a
double Laplace transform, was originally developed in [30] to solve
the static aeroelastic response, then employed in [13,31] to determine
the flutter and divergence speed of swept composite wing structure,

and in [19,20] to solve the aerothermoelastic dynamic response of the
structure; finally, in this paper, it has been extended to the solution of
an arbitrary dynamic aerothermoelastic coupled response.

In particular, Fig. 7 represents an example on how the present
model can be used to extract important information regarding the
aerothermoelastic stability of a composite wing impacted by a heat
flux (generated, for instance, by a laser beam). Indeed, from Fig. 7 it
appears that the effect of the external heating can influence the
aeroelastic stability of the considered wing model. It shows the
intersections of the real and imaginary parts of the determinant of the
aerothermoelastic operator [see Eq. (52)] evaluated at various flight
speeds and heat flux amplitudes. Indeed, according to [12,25] these
intersections can be used as a root locus with the flight speed as a
device or, as in this case, with the amplitude of the impacting heat
flux as a parameter. In particular, in Fig. 7, the circular markers
identify the root locus (in the restricted frequency range considered)

Fig. 5 Root locus of the thermoelastic model with q1 ��q2.

Fig. 6 Thermoelastic stability surface.

Fig. 7 Thermal effect on aeroelastic stability.

Fig. 8 Aerothermoelastic stability boundaries.
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using the flight speed as parameter varying from0 to 160 m=s. In this
regard, it is worth noting that when an intersection occurs at the
horizontal axis, this means that a dynamic unstable condition by
flutter occurs (in this case, this happens at UFlutter � 139:6 m=s and
!Flutter � 65:71 rad=s). On the other hand, the triangular markers
identify the root locus using the heat flux amplitude as a parameter
varying from 0 to 1010 W=m2 and keeping a flight speed of
U� 40 m=s. In this case, it has been found that a heat flux of
2:3108 W=m2 is critical for this system because it leads to an
unstable condition on the torsional mode.

Moreover, Fig. 8 shows the stability surface obtained at a flight
speed of 35, 70, and 105 m=s (respectively represented by gray,
black, and light gray markers). In particular, in this figure, the
component of the heatflux in the spanwise direction is represented on
the horizontal axis (with a positive sign if the flux is from the root to
the tip of thewing,with a negative sign in the opposite case), whereas
the chordwise heat flux has been placed on the vertical axis (with a
positive sign if the flux is from the leading edge to the trailing edge of
the wing, or a negative sign in the opposite case). It is worth pointing
out that, in contrast with the thermoelastic case (Fig. 6), here, the
stability surface manifests a pronounced asymmetry with respect to
the horizontal axis, due to the stabilizing effect of the aerodynamics.
Moreover, themore interesting combinations of the thermalfluxwith
applications in the aerospace and aeronautic fields are as follows:
chordwise flux with direction from the leading edge to the trailing
edge (corresponding to the case of the rectangular wing), and
spanwise flux with a transverse component from the root to the tip of
the wing (corresponding to the case of the swept wing). It has been
found that this combination of heat flux is the most critical for the
system. Other results concerning the aerothermoelastic response of
the single-layered, uniform, rectangular swept wing has been found.
In particular, the effects of flight speed (Fig. 8), the thermal

conductivity anisotropy (Fig. 9), and the ratio of the characteristic
thermal time to the natural period of vibration (Fig. 10) have been
analyzed, indicating only a few points of instability, similar to the
thermoelastic case previously studied (see Fig. 6). Concerning the
effect of the flight speed, Fig. 8 shows three different stability
domains obtained at three different flight speeds. In particular, one
should notice that the domain of stability is reduced when the flight
speed is increased. This behavior is due to the fact that the stability
boundary is primarily governed by the aeroelastic coupling, and that
the thermoelastic coupling can only worsen the scenario determined
by the aeroelastic coupling (Fig. 7). Clearly, for a flight speed greater
than theflutter speed (i.e., 140 m=s), thewing is unstable for any heat
flux.

To evaluate the effect of the anisotropic thermal conductivity on
the stability surface, Fig. 9 shows the stability boundaries,
corresponding to a certain flight speed and a fixed thermal time to
mechanical time ratio B. Specifically, the stability boundaries of the
reference configuration (isotropic case k1 � k2 � k3) are compared
with those relevant to a transversely isotropic model (k1 � k2 ≠ k3).
As in the pyrolytic graphite, the transverse thermal conductivity
coefficient is about one-third of that in the plane of isotropy [32], and
so we considered k3 � k1=3. In particular, Fig. 9 shows that the
reduction of k3 induces a worsening in the thermoelastic stability of

Fig. 9 Effect of thermal conductivity ratio of the constituent material

on the aerothermoelastic stability boundaries.

Fig. 10 Effect of the ratio of the characteristic thermal time to the

natural period of vibration on boundaries of stability.
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the model. To understand this result, consider that a reduction in the
thermal conductivity across the wing thickness is equivalent in the
model to an increase of the in-plane thermal conductivity. As a result,
the thermoelastic feedback granted by the in-plane components of
the temperature field (T1 and T2) would be increased and,
consequently, the critical fluxes in the plane would decrease as
represented in Fig. 9.

Finally, Fig. 10 shows two different stability surfaces obtained at
two different ratios of the characteristic thermal time to the natural
period of vibration B. The variation of this parameter has been
obtained by a change of the thermal capacity of the structure. For
B! 1, the area of the stability surface decreases in agreement with
that found in [5].

VI. Conclusions

In this paper, an exact aerothermoelastic analysis of swept wings
featuring nonclassical structural effects and impacted by a heat flux
vector was presented. The aerothermoelastic model is coupled in the
sense that the thermal loads are coupled with the structural
deformations in a similar way to what is usually done in the
aeroelasticity discipline. The theoretical model was completely
developed and the exact analytical solution was obtained using a
double Laplace transform technique. Results concerning the
thermoelastic and aerothermoelastic models are presented and
compared with those available in the literature. As a natural
development of the present model, the thermal and the unsteady
aerodynamic field are considered to be coupled and, in this context,
the problems of aerothermoelastic instability and response are
addressed.
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